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Abstract
In this paper we have constructed a new class of thin-shell wormholes from black
holes in Horˇava-Lifshitz gravity. Particular emphasis is placed on those aspects
that allow a comparison of Horˇava-Lifshitz to Einstein gravity. The former enjoys
a number of advantages for small values of the throat radius.
PAC numbers: 04.40.Nr, 04.20.Jb, 04.20.Dw
1 Intoduction
A new renormalizable gravity theory in four dimensions, proposed by Horˇava [1], may be
regarded as a UV complete candidate for general relativity. At large distances the theory
reduces to Einstein gravity with a non-vanishing cosmological constant in IR, but with
improved UV behavior. As discussed in Ref. [2], from the IR-modified Horˇava action,
which reduces to the standard Einstein-Hilbert action in the IR limit, one obtains the
analogue of the standard spherically symmetric Schwarzschild-(A)dS black-hole solution.
In this paper we employ such a class of black holes by starting with two copies thereof
and constructing a traversable thin-shell wormhole by means of the cut-and-paste tech-
nique [3]. To compare and contrast the two gravitational theories, we discuss various
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aspects of these wormholes, such as the location of the event horizons, the energy den-
sity of the thin shell, the violation of the weak energy condition at the junction surface,
the amount of exotic matter required, and the equation of state. Our final topic is the
question of stability to a linearized spherically symmetric perturbation.
2 Horˇava-Lifshitz black holes
.
Consider the static and spherically symmetric line element
ds2 = −N(r)2dt2 + dr
2
f(r)
+ r2(dθ2 + sin2θ dφ2). (1)
The modified Horˇava action mentioned above is
L = κ
2µ2
8(1− 3λ)
N√
f
[
(2λ− 1)(f − 1)
2
r2
− 2λf − 1
r
f ′ +
λ− 1
2
f ′2
− 2(ω − ΛW )(1− f − rf ′)− 3Λ2W r2
]
, (2)
where ω = 8µ2(3λ− 1)/κ2 [4]. Here λ and κ are dimensionless coupling constants, while
the constants µ and ΛW are dimensionful.
The case λ = 1, which reduces to the standard Einstein-Hilbert action in the IR limit
[2], yields
N2 = f = 1 + (w − ΛW )r2 −
√
r[w(w − 2ΛW )r3 + γ]. (3)
Here γ is an integration constant. By considering γ = −α2/ΛW and ω = 0, this reduces
to the solution given by Lu, Mei, and Pope (LMP) [5]:
f = 1− ΛW r2 − α√−ΛW
√
r. (4)
If ΛW = 0 and γ = 4ωM in Eq. (3), one obtains the Kehagias-Sfetsos (KS) black-hole
solution [4]:
f = 1 + wr2 − wr2
√
1 +
4M
wr3
. (5)
Finally, since λ = 1, we now have
ω =
16µ2
κ2
. (6)
The Kehagias-Sfetsos solution is the only asymptotically flat solution in the family
of solutions (3). We will therefore use the Kehagias-Sfetsos solution for constructing the
thin-shell wormhole from Horˇava-Lifshitz black holes. It is to be noted that there is an
outer (event) horizon (r+), and an inner (Cauchy) horizon (r−) of the Kehagias-Sfetsos
black-hole solution for wM2 > 1
2
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Figure 1: The plot for f using various parameters. The dotted, dashed, long dashed, and
chain curves correspond to ω = 0.5, 1.0, 2.0, and3.0, respectively. The thick solid lines
corresponds to the Schwarzschild case. The blue, black, red and brown colors represent
M = 1.0, 1.5, 2.0, and2.5, respectively.
r± =M
[
1±
√
1− 1
2wM2
]
, (7)
compared to
√
1− 2M/r for the Schwarzschild case, i.e., in Einstein gravity.
This spacetime comes back to the Schwarzschild black hole for r ≫ (M
w
)1/3
, so that
f ≈ 1− 2M
r
−O(r−4).
Finally, observe that
0 = r−(Schwarzschild) < r−(KS) = M
[
1−
√
1− 1
2wM2
]
< r+(KS) = M
[
1 +
√
1− 1
2wM2
]
< 2M = r+(Schwarzschild). (8)
The event horizons for various values of ω and their relationship to the Schwarzschild case
can be seen in Fig. 1.
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3 Thin-shell wormholes from Horˇava-Lifshitz black
holes
The mathematical construction of a thin-shell wormhole, when first proposed by Visser
[27], used a flat Minkowski space as a starting point. The construction itself, however,
relies on a topological identification of two surfaces and is not confined to a particular
type of geometry. So we can safely start with two copies of a Kehagias-Sfetsos black hole
and remove from each the four-dimensional region
Ω± = {r ≤ a | a > rh}.
We assume that rh = r+, the larger of the two radii. The construction proceeds by
identifying (in the sense of topology) the timelike hypersurfaces
∂Ω± = {r = a | a > rh},
denoted by Σ. Thanks to the asymptotic flatness referred to above, the resulting manifold
is geodesically complete and consists of two asymptotically flat regions connected by a
throat, namely r = a.
Our main goal is to compare various characteristics of Horˇava-Lifshitz gravity and Ein-
stein gravity, such as the surface stress-energy tensor and the basic question of stability.
A complete analysis would require, as always, a detailed knowledge of the junction con-
ditions, but the traditional method, using the Lanczos equations, does not automatically
carry over to Kehagias-Sfetsos black holes without an additional assumption. So let us
return to Eq. (8) and Fig. 1, neither of which depends on the junction conditions, to gain
an overview: the effect of the convergence to the Schwarzschild case can be clearly seen for
the event horizons. But the convergence of the KS solution to the Schwarzschild solution
is true in general and never depends on the junction conditions. From this standpoint,
all well-constructed plots can be expected to show certain trends that allow a comparison
between the two gravitational theories. Indeed, all the plots to follow show the gradual
departure from the Schwarzschild limit as a decreases. The ability to make the relevant
comparisons justifies the assumption that the thin-shell formalism is at least qualitatively
acceptable, given that the use of plots is essentially qualitative in nature. For example,
Fig. 7 shows that the amount of exotic matter required is less for the KS case than for the
Schwarzschild case, which is indeed a qualitative statement. (This point will be reiterated
from time to time when making the comparisons.)
A final observation in Fig. 1 is that the plot for f starts taking on a very different form
from that of the Schwarzschild case for small values of r = a, enough to cast some doubt
on the validity. This suspicion is readily confirmed by the fact that in some cases the
results are actually unphysical for sufficiently small values of a; such values may therefore
be disregarded as meaningless.
With these caveats in mind, we will proceed with the assumption that the induced
metric on Σ is given by
ds2 = −dτ 2 + a(τ)2(dθ2 + sin2 θ dφ2), (9)
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where τ is the proper time on the junction surface. It follows from the Lanczos equations
[3, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26],
Sij = −
1
8pi
(
[Kij ]− δij[K]
)
,
that the surface stress-energy tensor is Sij = diag(−σ, pθ, pφ), where σ is the surface
energy density and p = pθ = pφ is the surface pressure. The Lanczos equations then yield
σ = − 1
4pi
[Kθθ]
and
p =
1
8pi
(
[Kττ ] + [K
θ
θ]
)
.
Following Ref. [3], a dynamic analysis can be obtained by letting the radius r = a be
a function of time. As a result,
σ = − 1
2pia
√
f(a) + a˙2 (10)
and
pθ = pφ = p = −1
2
σ +
1
8pi
2a¨+ f ′(a)√
f(a) + a˙2
, (11)
where the overdot and prime denote, respectively, the derivatives with respect to τ and
a. Here p and σ obey the conservation equation
d
dτ
(σa2) + p
d
dτ
(a2) = 0 (12)
or
σ˙ + 2
a˙
a
(p+ σ) = 0. (13)
For a static configuration of radius a, we need to assume that a˙ = 0 and a¨ = 0. From
Eqs. (10) and (11) we have
σKS = − 1
2pia
√
1 + wa2 − wa2
√
1 +
4M
wa3
(14)
in Horˇava-Lifshitz gravity and
σSchwarzschild = − 1
2pia
√
1− 2M
a
(15)
in Einstein gravity. Eq.(14) shows that the energy density of the shell is negative in the
KS case, just as it is in the Schwarzschild case. We can see from Fig. 2 that in the KS
case the energy density of the shell tends to be well below that of the Schwarzschild case,
as long as a is not too small, which is a considerable advantage from the standpoint of
wormhole design. As a gets large, however, σKS approaches σSchwarzschild, as expected
5
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Figure 2: The plot for σ vs. a for various parameters. The description of the curves is
the same as in Fig. 1.
from the discussion in Sec. 2. Qualitatively, Fig. 3 shows a similar advantagious behavior
for the lateral pressure
pKS =
1
8pi


4aw − 4aw
√
1 + 4M
wa3
+ 6M
a2
1√
1+4M/wa3
+ 2
a√
1 + wa2 − wa2
√
1 + 4M
wa3

 (16)
in Horˇava-Lifshitz gravity and
pSchwarzschild =
1
4pia

 1− Ma√
1− 2M
a

 (17)
in Einstein gravity. Once again, the differences are greatest for somewhat smaller values
of a. (Figs. 2 and 3 also show the effect of having different event horizons.)
Since the shell is infinitely thin, the radial pressure is zero. So the matter on the shell
violates both the weak and null energy conditions.
4 Equation of state
Let us suppose that the EoS at the surface Σ is p = Wσ,W ≡ constant. From Eqs. (14)
-(17),
pKS
σKS
= WKS = −a
4

4aw − 4aw
√
1 + 4M
wa3
+ 6M
a2
1√
1+4M/wa3
+ 2
a
1 + wa2 − wa2
√
1 + 4M
wa3

 (18)
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Figure 3: The plot for the pressure p vs. a for various parameters. The description of the
curves is the same as in Fig. 1.
in Horˇava-Lifshitz gravity and
pSchwarzschild
σSchwarzschild
= WSchwarzschild = −1
2
[
1− M
a
1− 2M
a
]
(19)
in Einstein gravity. Even though WKS > WSchwarzschild, WKS extends into the phantom-
energy regime (less than −1), but in both cases, W → −1/2 from below as a → ∞, as
shown in Fig. 4. The positive values are unphysical, corresponding to locations well inside
the event horizon.
Another property worth checking is the traceless surface stress-energy tensor Sii = 0,
i.e., −σ + 2p = 0. The reason is that the Casimir effect with a massless field is of the
traceless type. From this equation we find that
CKS ≡ 2
[
1 + wa2 − wa2
√
1 +
4M
wa3
]
+ a

4aw − 4aw
√
1 +
4M
wa3
+
6M
a2
1√
1 + 4M
wa3
+
2
a

 = 0 (20)
in Horˇava-Lifshitz gravity and
CSchwarzschild ≡ 2− 3M
a
= 0 (21)
in Einstein gravity.
We can see from Fig. 5 that the values of a satisfying these equations lie inside the
event horizon, ensuring that this situation cannot occur when dealing thin-shell worm-
holes.
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Figure 4: The plot for W vs. a for various parameters. The description of the curves is
the same as in Fig. 1.
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Figure 5: The curves C cut the a-axis at points less than the horizon (r+). The description
of the curves is the same as in Fig. 1.
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5 The gravitational field
In this section we study the attractive or repulsive nature of our wormhole. To this end,
we calculate the observer’s four-acceleration
Aµ = uµ;νu
ν ,
where
uν =
dxν
dτ
=
(
1√
f(r)
, 0, 0, 0
)
.
It follows from Eq. (3) that the only nonzero component is given by
ar = Γrtt
(
dt
dτ
)2
= α(r) ,
where
α(r)KS = wr − wr
√
1 +
4M
wr3
+
3M
r2
1√
1 + 4M
wr3
(22)
in Horˇava-Lifshitz gravity and
α(r)Schwarzschild =
M
r2
(23)
in Einstein gravity.
A test particle moving radially from rest obeys the geodesic equation
d2r
dτ 2
= −Γrtt
(
dt
dτ
)2
= −ar.
It is true in general that a wormhole is attractive whenever ar > 0 and repulsive whenever
ar < 0. According to Fig. 6, the wormholes are attractive in both gravitational theories,
since the negative values in the KS case are well within the event horizon. Continuing
the qualitative theme for small values of the throat radius, the acceleration is less for the
KS case, which is an advantage for a traveler through the wormhole.
6 The total amount of exotic matter
An important consideration in wormhole physics is the total amount of exotic matter on
the thin-shell. This total can be quantified by the integral [11, 12, 13, 14, 15, 16, 17]
Ωσ =
∫
[ρ+ p]
√−gd3x. (24)
By introducing the radial coordinate R = r − a, we get
Ωσ =
∫ 2pi
0
∫ pi
0
∫
∞
−∞
[ρ+ p]
√−g dRdθ dφ.
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Figure 6: The plot for α(r) vs. a for various parameters. The description of the curves is
the same as in Fig. 1.
Since the shell is infinitely thin, it does not exert any radial pressure, while ρ = δ(R)σ(a).
So
Ωσ KS =
∫ 2pi
0
∫ pi
0
[ρ
√−g]∣∣
r=a
dθ dφ = 4pia2σ(a)
= −2a
√
1 + wa2 − wa2
√
1 +
4M
wa3
(25)
in Horˇava-Lifshitz gravity and
Ωσ Schwarzschild = −2a
√
1− 2M
a
(26)
in Einstein gravity. According to Fig. 7, for small a the amount of exotic matter required
is considerably less and may even be very much less for the KS than for the Schwarzschild
case, which may be viewed as the most important difference between the two gravitational
theories from the standpoint of wormhole design. (Once again, both Figs. 6 and 7 suggest
that a must not be too small.)
7 Linearized stability
In this section we turn to the question of stability of the wormhole under small perturba-
tions around a static solution a = a0. It must be emphasized, however, that the analysis
is subject to the same limitations already discussed in Sec. 3 and, as will be seen, clearly
parallels our earlier findings.
Rearranging Eq. (10), we obtain the equation of motion of the thin shell:
a˙2 + V (a) = 0, (27)
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Figure 7: The plot for Ωσ KS and Ωσ Schwarzschild for various parameters. The description
of the curves is the same as in Fig. 1.
where the potential V (a) is defined as
V (a) = f(a)− [2piaσ(a)]2 . (28)
Following Ref. [3], if we expand V (a) around a0, we obtain
V (a) = V (a0) + V
′(a0)(a− a0) + 1
2
V ′′(a0)(a− a0)2
+O
[
(a− a0)3
]
, (29)
where the prime denotes the derivative with respect to a. Linearizing around a = a0
requires that V (a0) = 0 and V
′(a0) = 0. The configuration will be in stable equilibrium
if V ′′(a0) > 0. As suggested in Ref. [3], the subsequent analysis will make use of a
parameter β, which is usually interpreted as the subluminal speed of sound and is given
by the relation
β2(σ) =
∂p
∂σ
∣∣∣∣
σ
.
To determine the conditions that yield V ′′(a0) > 0, it is convenient to start with Eq. (13)
and first deduce that (aσ)′ = −(σ + 2p). Also,
(aσ)′′ = −(σ′ + 2p′) = −σ′
(
1 + 2
∂p
∂σ
)
= 2
(
1 + 2
∂p
∂σ
)
σ + p
a
= 2(1 + 2β2)
σ + p
a
. (30)
Returning to Eq. (28), we now readily obtain
V ′(a) = f ′(a) + 8pi2aσ(σ + 2p)
and
V ′′(a) = f ′′(a)− 8pi2(σ + 2p)2 − 8pi2[2σ(1 + β2)(σ + p)].
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Figure 8: The plot for σ + p vs. a for various parameters. The description of the curves
is the same as in Fig. 1.
By direct computation we can now check the required conditions V (a0) = 0 and V
′(a0) =
0. The stability condition V ′′(a0) > 0 then yields the intermediate result
2σ(σ + p)(1 + 2β2) <
f ′′(a0)
8pi2
− (σ + 2p)2. (31)
Recall that σ is negative. If σ + p is also negative, then the sense of the inequality is
retained in the next step. If σ+ p is positive, then the sense of the inequality is reversed.
(See Fig. 8.) In the former case we get
β2 <
f ′′(a0)
8pi2
− (σ + 2p)2 − 2σ(σ + p)
2[2σ(σ + p)]
(32)
and in the latter case
β2 >
f ′′(a0)
8pi2
− (σ + 2p)2 − 2σ(σ + p)
2[2σ(σ + p)]
. (33)
For these inequalities,
f(a0) = 1 + wa
2
0 − wa20
√
1 +
4M
wa30
,
f ′(a0) = 2wa0 − 2wa0
√
1 +
4M
wa30
+
6M
a20
1√
1 + 4M
wa3
0
,
and
f ′′(a0) = 2w − 2w
√
1 +
4M
wa30
+
36M2
wa60
1(
1 + 4M
wa3
0
)3/2
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Figure 9: The plot for β2 vs. a0 for various parameters. The description of the curves is
the same as in Fig. 1.
in the KS case and
f(a0) = 1− 2M
a0
,
f ′(a0) =
2M
a20
,
and
f ′′(a0) = −4M
a30
in the Schwarzschild case.
Fig. 9 shows the region of stability for both the KS and Schwarzschild cases. According
to Eqs. (32) and (33) and Fig. 8, the respective regions of stability are below the curves
on the right and above the curves on the left.
Under ordinary circumstances, β represents the velocity of sound, since β2 = ∂p/∂σ
is the square of the rate of change of distance with respect to time. So, ordinarily,
0 < β2 ≤ 1. For the Schwarzschild case [3], the minimum value is 3/2 +√3 . According
to Fig. 9, for the KS case, the region of stability involves values of β2 that are even larger.
(Of course, for the region on the right, β2 is negative.) So by this criterion, there are no
stable solutions for either type of wormhole.
All these interpretations are valid as long as β is indeed the speed of sound. As
discussed extensively in Ref. [3], this assumption should be treated with caution when
dealing with exotic matter. In this paper we have the additional complication that the KS
case is based on a nonrelavistic gravitational theory. So we cannot exclude the possibility
that β2 is just a convenient parameter.
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8 Conclusion
This paper discusses a new class of thin-shell wormholes from black holes in Horˇava-
Lifshitz gravity by employing the asymptotically flat Kehagias-Sfetsos (KS) solution with
various values of the coupling constant ω and the mass M . In all cases the radius of the
outer event horizon in the KS case turns out to be less than that in the Schwarzschild
case. A wormhole designer from an advanced civilization would find several advantages
in the KS case over the Schwarzschild case: for small values of the throat radius r = a,
the negative energy density of the thin shell is well below that in the Schwarzschild
case. The lateral pressure is also less. A particularly interesting finding is that for small
values of a, the amount of exotic matter required can be much less for a KS than for
a Schwarzschild wormhole, a considerable advantage given the problematical nature of
exotic matter. As a gets large, however, the properties of the KS wormhole approach
those of the Schwarzschild wormhole. A similar conclusion holds for the equation of
state, assumed to be of the form p = Wσ: while WKS > WSchwarzschild for small a,
in both gravitational theories W → −1/2 as a → ∞. While both types of wormholes
are attractive, the acceleration toward the center is less for the KS case than for the
Schwarzschild case, a particular advantage for a traveler. The final topic is a discussion
of the stability to linearized radial perturbations in terms of a parameter β, normally
interpreted as the speed of sound, but which may be just a convenient parameter. It was
found that stable solutions exist in the KS case for values of β that are similar to the
values in the Schwarzschild case.
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